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Fuzzy time series
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Fuzzy variables

O -discretization

T = (Xo=|Ta, Tar||a€0,1])
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Fuzzy variables

[,r,-Discretization = discretization with increments
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Fuzzy variables

[,r.-Discretization
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Fuzzy variables

Az =72
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Numerical description of fuzzy time series

== Fuzzy component model

¢

5&’7' - t’T @ 27‘ @ f‘r

with: . .. functional value of the fuzzy trend function #(7)
Z, .. functional value of the fuzzy cycle function Z(7)
7, .. realization of a fuzzy random noise process R(7)

Az;(17) = At;(1) + Azi(7) + Ary(7) V j=1,2,...2n
Az;(T) )
At;(T)
Azj(7)
Ar;(T)

0
8 » Vo reT, 7=12,..,n—1,n+1,..,2n
0

VIV IV IV

/
applicable by non-stationary fuzzy time series
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Description of fuzzy time series by empirical parameters

applicable by stationary and ergodic fuzzy time series
N
===p empirical fuzzy mean value 7= 1 @:ﬁ
N T7=1 '

m==p empirical [,r,-covariance function

i 1%1_.1(.&1’} Ji’;fllg(ﬁ‘r} T :%l_lgﬂ_,_l{ﬂ\?') J%ljgn(ﬂ.‘r) ]
@211(&T} ]%2,2(&‘1'} e j;'-glgn_l(ﬂ?') F;'.g,gn(.&‘r)
Erﬁ’m{ﬁr‘r) = .
kon—11(AT)  kon_12(AT) ++ kan_120-1(AT)  kan_12n(AT)
N—ATr
- 1 _ —
kij(Ar) = = > [(Ai(r) = AT;) - (Aay(7 + A7) = AT))], 5, (A7)
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Modelling of fuzzy time series

Fuzzy time series ===p realization of a fuzzy random process

family of fuzzy random variables (XT)TeT

F(R) ... set of all fuzzy variables on R

) ... space of the random elementary events

===p realizations of a fuzzy random variable are fuzzy variables

== each realization of a fuzzy random process yields
a sequence of fuzzy variables at discrete time points
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Fuzzy random variables

1. a-level sets are random sets

ey = PG interval bounds of the
3 = a-level sets are random variables

L

n(x)4
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Fuzzy random variables

O -Discretization

X = (Xo=[Xa,Xar]|aw€[0,1]) ===p e random Q-level sets
e bounds are random variables
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Fuzzy random variables

l,ro-Discretization

Xail — oni+1l - AXOCZ'I X(Dtnl — AXO&nl
Xai — [Xail; Xai?"] —)
Xa,-r — Xai_,_lr + AXQ{%'T Xanr = Xanl + Axanr
[ AXa ] [ AX; ]
AXa,i AX,
: : correlated
l,r.-Representation  ,X — | SXau | _ AAXXR <+ random
Ao n+1 variables
of a fuzzy random variable : :
AXag r AX?R— 1
| AX(xl?‘ a | AX271
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Fuzzy random process == (X, ) o1
first and second order moments in [,r,-representation

m==p fuzzy expected value function

E[X.] = / f / I (8) T dAzy - - dAz, - - - dAzs,

=) [ 7, -COVaAriance function ) [ r,-Variance
ITVGT[X‘T} — lrg_-%{q_
'LL J(Tﬂ Tf:) k 1 ﬁn—l{Tn.-.- Tb) ‘E‘ 1,2n [Tan ﬂ'}]
107 (T) =
ﬁ-‘-m (Tfln Tb] ke 2.2n— l(Tu Th B2 onlTa, Th

fT'I{f{r{Tﬂ-aTb) _ for 7a =T : T

koo vl m) kel salrs o m) k‘.-.‘-r:;—i._?n—l{ﬂ;.aﬂ;) R:En—l,lm(ﬂu Tb}

ki i(Ta,Ts) / / (Az; — Ami(,)) (Az; — Amj(mp)) -

Al'.!-n,,iln. —1 (Ta, 5 Tb) k‘.-_‘-nul’!n. {Ta v Th ]

f(Axy, Axjy 1o, ) dAzid Az
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Fuzzy-white-noise-process == (£.) .t

ElE;] = mg= constant V7 €T stationary and
ergodic process
gTVar[EfT] = zrgff = constant V7 €T

K(Ar) — wKg(0) for Ar =0 <= increments are dependent
wRelAT) = 0 for AT #(0 <= increments are independent

===p probability density function of a random increment Ac,

fgai(AE-a)‘
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Fuzzy-ARMA-process = (X.)reT

5{1‘ = Al ® 5(1'—1 D ... @é}} O X?-p@ gq- @El ® gq‘_l 5 ... @ﬁq O] (i,._q

\ AN /
T T
Fuzzy-AR-process Fuzzy-MA-process
with: A, B, .. real valued [2n,2n] parameter matrices
E. ... fuzzy random variable of a fuzzy-white-noise-process

Forecasting presupposes the estimation
of the parameter matrices.
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Estimation of the parameter {Al,...,Ap, 51,...,§q} = P

3 strategies for parameter estimation:

Idea 1: Minimization of the differences between
empirical parameters and model parameters

i (Exj —~ Am2 +

oo 2n
Z Z (ff"\k,l(AT) — ’I"k’l(Az ; min
AT=—00 k,l=1

applicable for stationary and ergodic fuzzy time series
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Estimation of the parameter {A,,....,A,, B;,....B} =

Idea 2: Minimization of the average distance between
measured fuzzy data and optimal 1-step-forecasting

1
distance function dp jT;é = /dH (Xa(iT);Xa(i)) do
0

HAUSDORF distance d; (A; B) = max {Sup inf dg (a;b) ;sup mf dg (a; b)}
acAbEB beB <

applicable for non-stationary fuzzy time series
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Estimation of the parameter {Al,...,Ap, 51,...,§q} = P

Minimization of the square error between
measured fuzzy data and optimal 1-step-forecasting

;N 2\ |
E = 5 Z Z (Ax;(1) — Ay (7 @’ = min

T=1+p i=1
iIncremental improvement of the parameter

Idea 3:

A, (new) = A, (old) + AA, r=12,...,p

B,(new) = B (old) + AB; s=1,2,...,q

- 9B OE 1
P 8&1 1(‘!‘) 8“1.271(7')
oF ! !

e.g.: AA, = -—nN——-=—0 : . :
0A, o om

| Jaan,1(r) dazn an(r)

applicable for non-stationary fuzzy time series
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Forecasting strategies

future values of a fuzzy time series are
realizations of a fuzzy random forecast process

===p Fuzzy random forecast process
=family of conditional random variables

conditional fuzzy random variable

(XT)TGT with XN—{—J‘E(-%I:-%% --':xN)

realizations of the forecast process are
future values of the fuzzy time series
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Forecasting strategies

===p 1. Optimal forecasting

—~

=
Tnin(E1, T2y o, BN) E[melxl Zo,y..y EN] = E[Xnyn]

optimal forecasted value conditional fuzzy expected va@

optimal 1-step-forecasting (Fuzzy-ARMA[p,q]-process)
7 N\

%N—H = A OIND.. DA, OINy1pD E[ér] OB OENO..OB,©&N;1 4
N

optimal h-step-forecasting (Fuzzy-ARMA[p,q]-process)

~—
Ingn = A OTNin1D . A OInihpDEE] OB Oénih1© ... OB, ©Enihyq
N
: . Iny, for uw<0 . ENtu for u<0
with w = o and y = N
TNt { Iyt for  u>0 N { E[E;]  for u>0
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Forecasting strategies

memp 2. Fuzzy forecast intervals

A fuzzy forecast interval 7', includes realizations TN+h
with probability K

. ~ (.95
(

~ .95 » 'TN+1 — fuzzy

forecast
interval

_|
2
-
=
=
=
~

.\.

_f-g!o
:—E!
AN
A
i
!

Ty T : .
<2 Y4 ] Bkl —otma
] <] ' forecasted
ﬂ ﬂ E ' value
i I | i I I »
N-12 N-11 N-10 C C N-1 N N+1 7T

s future realizations are simulated by Monte Carlo Simulation
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Forecasting strategies
mesp 3. Fuzzy random forecasting

objective: estimation of the fuzzy random variable Xy

Monte Carlo simulation of s fuzzy variables =z,

statistical evaluation of the simulated fuzzy variables %NM
e.g. e fuzzy probability distribution function zTF;((fJ)
* fuzzy expected value E[Xy ]

® | .r.~covariance function ITK):((TG, )
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non-measurable

Forecasting of structural responses
parameters

S A <<M

S
indirect forecasting of | ™ ‘ < < q
structural responses

~ A }?{ »
T T fuzzy stochastic structural analysis T
fuzzy time series of impact q <
measurable f - ) q ( ( ‘ ‘ ‘J 4
parameters q q { ‘ < X
T q q q { \ o )
q\q q { direct forecasting of impact
q 4
11>
1 7 .. 1314 ... 20 ... 26T
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measured data of heavy goods vehicle traffic

T, [t]4 i - June 2002 to May 2003
i 4.4
20T F14 | 45:3 ,
10 +
>
April 2003 T
T, [t]4
10 T Axg
5 -+

April 2003 T
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Measured data of heavy goods vehicle traffic

T, [t]4

207 214 713 Tq5 T35 Tas

L3.4
10 +
S 4 s NS T~

Ly >SS

~
>
ANtaly 2003 T
T, [t] 4 ationary and ergodis Fuzzy-AR 0,0]-process
10+
minimization of the differences betwe AT
emplrlcal and model characterlstlcs Axg

opti ep- forecaot
April 2003 T

slide 34




RSIT
DRESDEN

Institute for Static und Dynamics of Structures

Time series with measured settlements

1st 2nd 3rd
date measurement measurement measurement
[mm] [mm] [mm]
30.05.2000 22,51 22,50 22,52
27.06.2000 22.50 22.52 22.53
27.07.2000 22.40 22.40 22,41
30.08.2000 22,35 22,360 22,35
27.09.2000 21,72 21,80 21,77
10] () 170__u(af)

Zieccripzicn of fuzzy time series
Modelling of fuzzy time series
Forecasting of fuzzy time series
Examples

(over 4 years)

mean value
[mm]

22,510
22,517
22,403
22,353
21,763

x(mm)
92,5 22517 22,53

»x(mm)

21,72 21,76 21,8

slide 35




Description of fuzzy time series
Modelling of fuzzy time series

UNIVEKDIIAI Forecasting of fuzzy time series
Examples
DRESDEN

Institute for Static und Dynamics of Structures

Measured data of an extensometer

I’T[mm] 4 non-stationary Fuzzy-ARMA[10,3]-process
34,5 m==p minimization omisquare error
" trol simulation b
295 | q optim;(ljnl—r:te?—n;gr:c;)sr’]cin;
24.5 | <;§: ‘ optimal h-step-forecasting
‘ “:3‘34=< ‘ .
195 | 252!:::2_%% fuzzy forecast intervals
dq3g ‘32:: H
s \ \ o HHHHHHHHHHHHHHHHHHHHHHHHHHH>

1999 2000 2001 2002 2003 2004 T
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Damage of a T-beam plate indirect forecasting

textile
strengthening

rel IltO rcement
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Damage of a T-beam plate

Time series of live laods — monthly goods — in a storehouse

[H]Af)”“’ f}.— }T)T

—

T

23 1 non-stationary Fuzzy-ARMA[4,4]-process

14 +

11+

| | | | —»>
i

2003 2004 2005 2006
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Damage of a T-beam plate Fuzzy random forecasting

Monte Carlo Simulation of 100 future realizations
8 realizations j,,,, attime point 7=/N +12

kg:‘ ; N
- A

18 19 20 21 ple
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Damage of a T-beam plate indirect forecasting

det [KT(T, v, 5)]

Fuzzy damage indicator D, = 1-—

det [KT(To,ﬁOj gg)}

il’rii ( d) A I'l"i,i, (d)

11 PR not strengthened
——— strengthened
0,667
0,33
0 — 1 | >
3 13 15 17 d[%]
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Conclusions

Time series with fuzzy data can be modeled
as realizations of fuzzy random processes

New [,r,-representation of fuzzy random variables
enables the modeling of fuzzy time series as
realizations of fuzzy random processes

Fuzzy-ARMA-processes allow the simulation
and forecasting of fuzzy time series
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