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Abstract. In this paper sensitivity analysis method [4] and first order Taylor expansion method will be
applied to solution of finite element equations of truss structures and non-stationary diffusion equation with
interval parameters. Only linear-elastic model of truss structures is considered.

In order to calculate the interval solution (i.e. displacement vector u ) it is necessary to calculate derivative
%. According to many numerical experiments and some theoretical results it is convenient to assume that
in some engineering applications the function u=u(h) is monotone. Under such assumption it is possible
to predict how to calculate the extreme solutions. Presented method gives quite accurate, however only
approximate results.

Monotonicity assumption is not always true. Because of that the results are not always exact. The
function u=u(h) is highly nonlinear, because of that presented algorithm is better than first order Taylor
expansion. On the following web page [1] it is possible to compare presented algorithm, the exact results
and the first order Taylor expansion using appropriate web applications.
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1. Introduction to interval FEM

Many engineering problems can be described by parameter dependent system of equations
in the following form [5]:

K (h)u=Q(h) (1)

where K € R™™ Q € R", u € R", h € R™. h is a vector of parameters of the
structures (i.e. material characteristics, geometric characteristics, loads and other externals
fields such as temperature. Very often we do not know the exact values of the parameters of
the structure. Usually, if we do not know the exact values of the parameter h; it is possible
to estimate an upper and lower bound such that:

hy <h;<hf for i=1,...,m (2)
in general we can write:
hehcR™ (3)

where h = [hl_, hﬂ X [h;, hﬂ X ... X [h ht]. Presented method can be applied, when
it is not possible to obtain probabilistic characteristic of the structure.
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Exact solution set of the equation (1) is very complicated and can be defined in the
following way:

u(h) = {h: K (h)u=Q(h),h € h} (4)
Due to high complexity of the set u( ) in applications we can only find the smallest
interval @1 (fl) which contains the set u ( ) ie.

@ () = hull u (h) (5)

One can call the set @ (ﬁ) the interval solution.
Now some selected methods of finding the interval solution will be presented.

2. Endpoints combinations method

According to many numerical examples [4, 2] very the endpoint combination method

u; = min{ u; (', h3%, ., ho™) t oy ey iy € {—, +}} (6)
uf = maz { w; (W, h92, ., hO™) t o, ey € {—, +}} (7)

give very good approximation of the solution, particularly when the intervals are relatively
narrow. In some cases the results are exact (for example in the case of system of linear
interval equations).

3. First order Taylor expansion method

We can approximate the value of the nonlinear function u = u(h) by using first order

Taylor expansion method:

Ou (hy)
oh

hois a mid point of the interval vector h (i.e. hy = mid (ﬁ))

The vector u (hg) is a solution of the following system of linear equations:

u(h) ~uz (h) =u(hy) +

(h —ho) (8)

K (hp) u (hg) = Q (hy) (9)

If one calculate derivative of the equation (9) it is possible to get the matrix %
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when parameters h belong to the interval vectorh, then the extreme values of the function
uz,(h) can be calculated by using natural interval extension [3]

i, (B) = u(ho) + aua(}?‘)) (h—ho). (11)

In calculation we can calculate upper and lower bounds in the following way:
. m
u;L (h) = U4 (ho) — Z

a=1
z‘,L (ﬁ) = u; (

Ou; (hy)

| (ha = hao), (12)

«

8ul ho

hE — hay). (13)

4. High order Taylor expansion method

In order to find better approximation of the exact solution one can apply the following
algorithm.

Algorithm 1

1) Approximate the value of the function u=u(h) by high order Taylor expansion u =
ugy (h).

2) Find the points hi, h3,...,h7 where the approximate function ug, (h) has extreme
values.

3) Calculate the values of the function ug, (h) in the points hi, h3, ..., hy.

4) Calculate the interval solution.

u; = min { tap; (03) ,tapi (h5) oy uaps () b i =1, m, (14)

uf = ma:c{ Uaps (02)  Uaps (B3) ;.. Uap.s (h;;)} Gi=1,...,n (15)

In general, instead of Taylor expansion it is possible to apply any approximation method.

5. Monotonicity assumption and first order sensitivity analysis method

In engineering apphcatlons the function u=u(h) is very often monotone (usually for narrow
intervals hl,hg, ...,h ). In that case it is possible to calculate the extreme values of the
displacements u; by using appropriate endpoints of the intervals ﬁl, Bg, ey hm. The algorithm
of calculation is the following:

Algorithm 2
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1) Calculate the mid point solution of the equation (9).
2) Calculate the derivatives of the solution in the mid point from the equation (4).
3) Calculate the sign vectors Sy, ..., S,,.

. Ou; (hy . Ou;(h . Ou; (hy
S, = [szgn (7%,(“0)) sign (7%](120)) szgn( %,Emo)> } ) (16)
4) Calculate the independent sign vectors.
Two sign vectors S;, S; are independent if

Si #8Sj, Si#(-1)-8;, (17)
Independent sign vectors will be denoted as S7,..., S}

n*»
pendent sign vectors.
5) Calculate the extreme values of the solution for all independent sign vectors.

where n* is a number of inde-

u; " =u(H (S},h)), w/*=u(H"(S}h)), (18)
where
. hy, if S .
:{hff 1f5* <0’ i=1,...,n, (19)
‘i ht, if S} ,
Hyf (S5, :{hj ifs* <0, i=1,...,n. (20)

6) Calculate the interval solution .
uy = min{ wi (b)), ous (b ) us (b)) s (B ) (21)
uf =maz { u; (7)o (b ) ui (B ), w (B (22)
where

h, =H- (s;k,ﬁ) , hf =H" (S* 1“1) . (23)

6. High order sensitivity analysis method

The first order sensitivity analysis method is based on the following general algorithm.
Algorithm 3
1) Approximate the value of the function by first order Taylor expansion.
2) Find the points hi, h3, ..., hy where the Taylor expansion has extreme values.
3) Calculate the values of the exact solution in the points hi, h3, ..., hy.
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4) Calculate the interval solution.
uy = min { u; (0]),u; (b3), s (h3) b, i=1,.m, (24)

) =maz { w; (b)), u; (b3), i ()}, i=1,....n, (25)

In order to get better approximation of the exact solution one can approximate the
function by high order Taylor expansion (or other approximation method).

Algorithm 4

1) Approximate the value of the function u=u(h) by high order Taylor expansion.

2) Find the points hi, hj, ..., hy where the approximate function (i.e. Taylor expansion)
has extreme values.

3) Calculate the values of the exact solution in the points hi, h3, ..., hy.

4) Calculate the interval solution.

uy = man { w; (b]),u; (b3), ., u: (b5}, (26)

w) = maz { u; (b]),u; (b3), .., (h5) | (27)

In general, instead of Taylor expansion it is possible to apply any approximation method.

7. Comparison of First order Taylor expansion method and second order
monotonicity test.

Let us consider a truss structure which is shown on Fig. 1.

In calculation the following numerical data was assumed P = 10 [kN], L = 1 [m], E = 210
[GPa] (Young modulus), A = 0.0025 [m?] (area of cross-section).

Accuracy of the first order sensitivity analysis method and first order Taylor expansion
method is expressed by using the following numbers:

mid - mid —
(ui — U ) - (uz - ui,exact)

du; = o —— -100% (28)

7 i,exact

+ mid + mid
+ (uz — U ) - (ui,exact — U )

du” = = . -100% (29)

U, — ymid

1,exact 7

d . . . . + . — .
where w;"*? is a mid point solution, u; .., is an exact value of upper bound, Uj epact 18

an exact value of upper bound.
Time of calculations is shown below. Calculation was done using computer with AMD
Athlon XP 2600 with 512 MB RAM under RedHat Linux 9.0.
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8. Interval solution of non-stationary diffusion equation

Figure 1. Truss structure

Let us consider non-stationary diffusion equation with interval parameters

9 (5kads Op 9 ‘%Ayap> %9 <¢)
Ox (ﬂ uB 8:1:) Az + oy <ﬂ uB Oy Ay = a. 0t \ B (30)

where ky, Ay, ky, Ay, B, i1, B, ¢ are some (interval) parameters, p is the pressure of oil, ¢
is the time.

In order to get interval valued pressure of oil first order sensitivity analysis method was
applied. The algorithm was implemented in C++ language using Borland C+4 Builder
compiler.

The program is able to take into account dependency of the parameters in different
regions. The examples of the regions with different independent parameters are shown on

Fig. (2).

Graphical representation of the interval solution (interval peruse of oil) for 7-th time step
is shown in the Fig. (3).
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Table I. Uncertainty of E and A 5%

| Sensitivity | Taylor |
| du; | duf | duy | duf |
| 000 |-050 |534 |-550 |
| 028 |-037 |503 |-514 |
| -131 | -007 | 264 |-436 |
| -272 | -282 |-649 |076 |
| 145|067 |636 |-431 |
| 111 | -143 | -342 [ 310 |
| -112 | -034 |315 | -472 |
| 019 |o000 |-0.60 |[-047 |
| 043 | o000 |341 |-452 |
|02t o000 |-395 |395 |
| 136|000 |578 |-461 |
| -112 | o000 | -574 | 457 |

Slightly compressible flow 2D
Ble Tooks Darw Hep

ElTime step A|»| oo |Interval parameter 4P| Gowo

Figure 2. Graphical representation of dependences
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Table II. Uncertainty of E and A 20%

| Sensitivity | Taylor |
| du; | duf | duy | duf |
| 0.00 | -137 | 1867 |-2032 |
000 000 |1835 |-1930 |
| -039 | -008 |1488 |-1756 |
| 000 |-003 |-1616 | 1361 |
| -018 | -018 |1884 |-1980 |
| 0.00 | 0.00 -1848 | 1732 |
| 0.00 -0.76 | 16.06 -18.63 |
| -034 | 524 | 457 782 |
| -166 | -113 | 14.22 -19.03 |
| -006 | -194 |-17.27 | 1269 |
| -031 | -093 |1635 |-1922 |
| -048 | 000 |-1907 |1791 |

In presented numerical example there were 10 interval parameters and 10 time steps.
In presented example the system of parameter dependent equations (1) was generated by
using finite difference method.

9. Conclusions

For truss structure:

1) Endpoint combination method gives exact results.

2) Endpoint combination method is very inefficient.

3) First order sensitivity analysis method is much more accurate than first order Taylor
expansion method, particularly for large intervals.

4) Taylor expansion method is much more efficient than sensitivity analysis method.

5) The results of Taylor expansion method are acceptable for small intervals.

For diffusion equation example:

1) Sensitivity analysis method can be applied to solution of complex engineering problem.
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Table III. Uncertainty of E and A 50%

| Sensitivity | Taylor |
| du; | duf | du; | duf |
| -003 | -119 | 4301 | -4834 |
| -37.10 | -039 | -11.27 | -46.95 |
| -153 | -024 | 2841 | -4404 |
| -025 | -430 | -4191 | 2175 |
| -020 | -028 |4311 |-4735 |
| -033 | -004 | -4543 | 3826 |
000 | -197 | 3188 | -4578 |
| -1359 | -15.68 | -32.33 | -30.86 |
000 |-121 | 2584 | -4634 |
| -034 | -788 | -4372 | 1925 |
|-168 | -203 | 2928 | -4656 |
| -170 | 0.00 | 4631 | 4078 |

Table IV. Endpoint combination method

‘ Number of interval parameters ‘ Time of calculations in seconds

|
| 10 | 0.02 |
| 15 | 1.86 |
18 | 17.18 |
| 20 | 124.69 |

2) It is using first order sensitivity analysis method possible to take into account different
dependency of the parameters.

3) Parameter dependent system of equations (1) can be created using finite difference
method.
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Table V. First order sensitivity analysis

| Number of interval parameters Time of calculations in seconds

| |
| 105 | 2 |
| 410 | 452 |
| 915 | 15208 |
| 1620 | 149554 |
| 2525 | 833782 |

Table VI. First order Taylor expansion

| Number of interval parameters Time of calculations in seconds

| |
| 68 | 0.01 |
| 105 | 0.02
| 410 | 1.22 |
| 915 | 16.64 |
| 1314 | 50.04 |

slightly compressible flow 2D - interval solution

Fie Tools Darw Hep

_IﬁjTime step [l “@|™| Goto | Interval parameter 4> cow

237.471448446

L BELL

T

178103586334

118.736724223

593678621114

Figure 3. Interval pressure
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